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We show that a class of reaction diffusion systems on RN generates an asymptoti-
cally compact semiflow on the Banach space of bounded uniformly continuous
functions. If such a semiflow is dissipative, then a unique, non-empty, compact min-
imal attractor is known to exist. We apply this abstract result to obtain the exist-
ence of the compact minimal attractor for reaction diffusion systems on RN that
contain appropriate weight functions. We also state conditions, which guarantee
that the attractor has finite Hausdorff-dimension.  1996 Academic Press, Inc.
1. INTRODUCTION
During the last few decades concepts from the theory of dynamical
systems have been successfully applied to reaction diffusion systems defined
on bounded domains of RN (cf. [11], [13], [14], [18], [26], [27]). The
applicability of dynamical systems theory is due to the fact that quite
generally parabolic evolution problems on bounded domains lead to semi-
flows with relatively compact (semi-) orbits. We prefer to speak of a semi-
flow rather than of a semigroup to avoid confusion with the concept of an
analytic C0-semigroup generated by a linear operator. The relative com-
pactness of the semiorbits implies that |-limit sets of bounded semiorbits
are not empty, and that dissipative systems possess a compact global
attractor. For analogous equations on unbounded domains essential new
difficulties arise. We illustrate this point through the following simple
example: Consider the initial value problem for the following reaction diffu-
sion equation
{tu&qu=u&u
3
u( } , 0)=u0
in RN_(0, T )
in RN.
(1)
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We will see that (1) generates a semiflow
.: R+_BUC(RN)  BUC(RN),
or in other words a (semi-) dynamical system with infinite dimensional
phase space BUC(RN) . It is well known that in the scalar case (N=1)
equation (1) admits travelling wave solutions, which connect the spatially
homogeneous equilibria u#0 and u#1 . This means that there are semior-
bits on the unit sphere of BUC(RN) , which have empty |-limit set. There-
fore (1) does not have a compact global attractor in BUC(RN) .
In this paper we will discuss a class of problems on RN , which contain
weight functions. As a simple example consider the following modification
of (1) obtained by introducing a bounded and Ho lder continuous weight
function m.
{t u&qu=m(x)u&u
3
u( } , 0)=u0
in RN_(0, T),
in RN.
(2)
We assume that the positive part m+ of m is in C0(RN)the Banach space
of continuous functions on RN that vanish at infinityand that the
negative part m& is large and well distributed in the following sense: For
any open subset G/RN that contains arbitrarily large balls
|
G
m&(x) dx=.
This condition was introduced by Arendt and Batty (cf. [2]) and was sub-
sequently studied for the time periodic case in [6] and [7]. It has proved
to be useful in applications to various nonlinear parabolic evolution
problems on RN (cf. [15], [16], [22]).
Under the above assumption on m we will prove that the orbits of (2)
have non-empty |-limit sets and that there exists a unique compact mini-
mal attractor A . We will also see that the attractor A is the maximal
compact invariant set which attracts each bounded set in BUC(RN) , i.e., a
global attractor in the sense of [11]. Moreover, A is contained in the
closed subspace C0(RN) of BUC(RN) . In fact, C0(RN) is an attractive and
invariant subspace for (2). In Theorem 3.5 we will apply the abstract results
of Man~ e [20] to obtain that the Hausdorff-dimension of A is finite.
We note that for fixed t0 # (0, ) the map .(t0 , } ) induced by the semi-
flow associated with (2) is not completely continuous. However, we will
show that (2) generates an asymptotically compact semiflow or briefly a
semiflow of class AK . This class is discussed by O. Ladyzhenskaya in the
monograph [18]. It is a natural generalization of the class of compact
semiflows. The semiflow will also turn out to be asymptotically smooth
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(cf. [11] Section 3.2.). The definitions of asymptotical smoothness and
asymptotical compactness in [11] and [18], respectively, are similar in
spirit and the criteria given in Lemma 3.2.3 in [11] and in Theorem 3.3 in
[18] to verify the respective properties are the same. We remark that we
will not use that criterion directly and that for technical reasons we have
preferred to use the concept of asymptotical compactness in this paper.
Often an integral representation of the solution via the variation of con-
stants formula is used to obtain a-priori compactness properties of the
semiflow. Dissipativity assumptions then imply the existence of the global
attractor. In our approach we will first assume the existence of an attractive
bounded set. Then we will use this attractive set to show the asymptotic
compactness (and asymptotic smoothness) of the semiflow. The proof of
our main result Theorem 2.4 is based on the fact that the Ho lder spaces
BUC:(RN) , : # [0, 1) , are vector lattices (cf. [24]). This strategy leads to
simple proofs and circumvents difficulties we encountered in trying to verify
the asymptotic compactness of the semiflow by using the variation of con-
stants formula.
Finally, we note that a different approach to the question of the existence
of attractors for parabolic evolution equations in RN is given by Babin and
Vishik in [3]. The authors work in weighted Sobolev (Hilbert) spaces and
construct the solutions of the evolution problem on the unbounded domain
by using the solutions of the corresponding problem on large balls (with
Dirichlet boundary conditions) and by a suitable passage to the limit. They
also consider unbounded initial conditions. In our aproach we use recent
generation results in spaces of bounded continuous functions (cf. [19]; see
also [15]) which allow us to solve the evolution problem on unbounded
domains directly. We also note that a semiflow of class AK on L2(RN)
and the existence of a finite dimensional compact global attractor was
obtained in [1]. The approach in [1] is however again a Hilbert space
approach and therefore quite different from the techniques we use in our
exposition. In particular, we do not need to impose growth restrictions on
the nonlinearities as is the case in [1] and [3]. Results on attractors for
degenerate parabolic equations on unbounded domains are obtained in
[8] for the phase space L1(RN) . The approach in [8] is based on the
CrandallLiggett Theorem.
2. A SEMIFLMOW OF CLASS AK
We study the initial value problem for the following reaction diffusion system.
{t uk+Ak (x, ) uk= fk (x, u)u(x, 0)=u0(x)
in RN_(0, T],
in RN,
(3)
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where n, N # N, k=1, ..., n and u :=(u1 , ..., un). The following assumptions
are made throughout this paper for k=1, ..., n.
Ak (x, ) :=& :
N
i, j=1
a (k)ij (x) i j+ :
N
i=1
a (k)i (x, t)i ,
where a(k)ij , a
(k)
i # BUC
+(RN) for some + # (0, 1)
and :
N
i, j=1
a (k)ij (x) !i !jc0 |!|
2, c0>0,
for x # RN and !=(!1 , ..., !N) # RN. (A1)
fk ( } , !) # BUC+(RN) uniformly for ! in bounded subsets of RN. (A2)
For i # [1, ..., n] the derivatives !i fk exist and are
uniformly Lipschitz continuous on sets of the form
RN_B, where B is a bounded subset of Rn. (A3)
Set X :=BUC(RN) and X :=X n . We shall consider initial values u0 # X.
Moreover, let C :0(R
N), : # [0, 1), be the Banach space of :-Ho lder con-
tinuous real-valued functions that vanish at infinity. We note that X and
C0 :(RN) are vector lattices. For u, v # X we denote the lattice operations by
u 7 v and u 6 v,
where
(u 7v)(x) :=max[u(x), v(x)] and (u 6v)(x) :=min[u(x), v(x)].
By defining the above operations componentwise also X becomes a vector
lattice and since no confusion seems likely, we keep the notation 7 and
6 . The space X is an ordered Banach space with positive cone X + given
by the pointwise nonnegative functions in X . For u and v in X we write
uv if u&v # X+ . We define an order interval in X by
[u, v] :=[w # X | vwu ].
Again these concepts can be extended to X naturally by considering com-
ponents.
For k=1, ..., n we denote the X-realization of Ak( } , ) by Ak . In [15] or
[19] it is proved that &Ak is the generator of an analytic C0-semigroup
on X . Moreover, the interpolation spaces obtained by continuous inter-
polation between the domain D(Ak) (equipped with its graph-norm) and X
are shown to be little Ho lder spaces.
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Let A be the diagonal operator defined by (A1 , ..., An) . Then &A
generates an analytic C0 -semigroup on X . For u # X we define the super-
position operator Gf by
Gf (u)(x) :=( f1(x, u(x)), ..., fn (x, u(x))).
It is shown in [5] that our assumptions (A2) and (A3) imply the local
Lipschitz continuity of Gf , i.e.,
Gf # C1&(X, X). (4)
We may now reformulate (3) as an abstract semilinear initial value
problem in the Banach space X:
{t u+Au=Gf (u), t # (0, T],u(0)=u0 # X. (5)
The following existence and regularity result for (5) may be found in [15]
or [19].
Theorem 2.1. For each u0 # X there exists a unique maximal solution
u( } , u0) # C(J(u0), X) & C1(J4 (u0), X), where J4 (u0) :=J(u0)"[0] and J(u0)
is the maximal interval of existence and has either the form [0, T] or
[0, t+(u0)). Here t+(u0) # [0, T] is the positive escape time of the solution
u( } , u0). If the solution satisfies the a-priori estimate
&u(t, u0)&XC,
for some C>0 and t # J(u0), then J(u0)=[0, T], i.e., u( } , u0) is a global
solution. Moreover, u(x, t) :=u(t, u0)(x)=(u1(x, t), ..., un (x, t)) is a classical
solution of (3), i.e., for k=1, ..., n
uk # BUC(RN_[0, T]) & BUC2++, 1+(+2)(RN_(=, T])
for any =>0 .
For the sake of easy reference we introduce some standard concepts. We
say that (5) generates a global semiflow (., W) on W/X
. : R+_W  W, .(t, w) :=u(t, w),
if the following conditions are satisfied:
(i) W is closed in X and for each w # W the solution u(t, w) of (5)
is global.
(ii) If w # W , then u(t, w) # W for t>0.
91COMPACT GLOBAL ATTRACTOR
File: 505J 317206 . By:CV . Date:07:11:96 . Time:10:08 LOP8M. V8.0. Page 01:01
Codes: 3220 Signs: 2441 . Length: 45 pic 0 pts, 190 mm
We note that by our assumption (A3) a global semiflow generated by (5)
is differentiable with respect to w # W . For details see e.g. [5] Sections 16
and 18.
Following [18], we set #+t (x) :=[.(s, x) | st]. Then #
+(x) :=#+0 (x)
is the positive semiorbit of x and for A/W we write #+(A) :=x # A #
+(x).
The global semiflow is bounded if #+(B) is bounded for B bounded. By
|(x) :=t0 #
+
t (x) we denote the |-limit set of x. Let A, M be subsets of
W. We say that A attracts M, if for any =>0 there exists a t1(=) such that
.(t, M)/O= (A) for tt1(=). Here O= is the =-neighbourhood of A in W. If
A attracts each point in W, then A is called a global attractor for (., W).
We say that A is a global B-attractor for (., W), if A attracts each bounded
subset of W. We call A invariant if .(t, A)=A for t # R+. Finally, a global
semiflow is dissipative (respectively, B-dissipative) if it has a bounded global
attractor (respectively, a bounded global B-attractor). We will use the
following concept taken from [18]:
Definition 2.2. A global semiflow (., W) belongs to the class AK if
it has the following property: For every bounded set B/W such that
#+(B) is bounded, each sequence (.(tj , xj)), with xj # B and tjZ as
j   , is precompact.
The importance of the class AK is made clear by the following result
from [18].
Proposition 2.3. Assume that (5) generates a bounded and dissipative
global semiflow (., W) of class AK. Then |-limit sets are non-empty,
invariant and compact, and there exists a (unique) non-empty minimal
B-attractor A. Moreover, A is compact and invariant. If W is connected,
then A and |-limit sets are also connected.
We note that in the above proposition the minimal B-attractor A is the
maximal invariant bounded set in W , which attracts each bounded set in
W . Hence A is a global attractor in the sense of [11].
We are now ready to give a criterion for testing whether a global semi-
flow generated by (5) is of class AK.
Theorem 2.4. Assume that (5) generates a bounded global semiflow
(., W) on W/X. Let V=[w

, w ] be a non-empty order interval in W.
Furthermore, suppose that w

, w are elements of C :0(R
N)n for some : # (0, 1).
Then if V is B-attractive, (., W) is a B-dissipative global semiflow of class
AK. In particular, the assertions of Proposition 2.3 hold and the attractor
A is contained in W & C0(RN)n.
We remark that under the assumptions of this theorem the semiflow
(., W) is also asymptotically smooth as defined in [11] (Section 3.2.).
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Proof. Let B be a bounded subset of W and (tk)/(0, ) such that
tk Z as k  . Let (bk) be a sequence in B . We have to prove that the
sequence (xk) :=(.(tk , bk)) has a convergent subsequence. For v # W and
t # R+ we define the part of . in V by
}(t, v) :=(.(t, v) 7 w

) 6 w .
The part of . outside of V is then given by
(t, v) :=.(t, v)&}(t, v).
Hence
: R+_W  X,
}: R+_W  V,
and
.=+}.
We first show that the sequence (zk) :=(}(tk , bk)) in V has a convergent
subsequence: We proceed similarly as in Lemma 3.2 of [17]. Since, by
assumption, w

and w are in C :0(R
N)n and since (.(tk , bk))/BUC2(RN)n by
the regularity result in Theorem 2.1, we can use the fact that the Ho lder
spaces BUC+(RN), + # [0, 1), are vector lattices to infer that
(zk)/V & C :0(R
N)n.
In other words, the surgery that was performed to define } preserves the
Ho lder regularity. Now using the fact that C:(0 ) is compactly embedded
in C(0 ) for any bounded domain 0/RN , and by extracting a diagonal
sequence, we see that there exists a subsequence (zkj) of (zk) that converges
uniformly on compact subsets of RN. Since w

and w vanish at infinity it is
easily verified that zkj  z in X , i.e., uniformly on R
N , for some z # V.
Next we consider the sequence ( yk) :=((tk , bk)) in X. Since, by
assumption, V is a global B-attractor of (., W) , for any =>0 there exists
a t1(=)>0 such that .(t, B)/O=(V) for tt1(=). Thus for b # B and
tt1(=)
&(t, b)&X =&.(t, b)&(.(t, b) 7 w
) 6w &X =.
I.e., (t, b)  0 in X as t   , uniformly for b # B. Thus yk  0 in X as
k  . Finally, we consider the sequence (xk) in W. Note that for k # N
xk=yk+zk .
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Since we have shown that (zk) has a convergent subsequence and since ( yk)
converges to 0, we see that (xk) has a convergent subsequence. This proves
that (., W) is a global semiflow of class AK. K
Remark 2.5. The results of this section remain valid if we choose the
underlying space as X :=C0(RN). In that case we have to assume in addi-
tion that
fk(x, 0, ..., 0)=0 for k=1, ..., n and x # RN. (A4)
This assumption implies that (4) remains valid in the C0(RN)-setting. The
generation result for the space C0(RN) goes back to H. B. Stewart (cf.
[25]).
3. APPLICATION TO A SINGLE EQUATION
In this section we consider (3) in the case n=1. In the following we omit
the index k. We will describe a class of nonlinearities that lead to a global
semiflow (., X+) of class AK. An instrumental property of single reaction
diffusion equations is that they satisfy the parabolic maximum principle.
We will mostly use it in the form of a comparison principle: If u0 , v0 # X
such that u0v0 , then .(t, u0).(t, v0) for t0. I.e., a global semiflow
generated by (3) is order preserving. For further details and the concepts
of (strict) sub- and supersolutions we refer to [17] (Section 2.D).
To formulate our assumptions we introduce the following set of coef-
ficients (cf. [2]):
E :={m # X + : |G m(x) dx= for any open G/RN
that contains arbitrarily large balls= .
Here we note that in the above definition of E the centers of the balls may
be chosen at arbitrary points in the set G. In particular, any half space in
RN of the form Ei (c) :=[x # RN : xi>c] with arbitrary i # [1,..., N] and
c # R is a set that contains arbitrarily large balls. If a function m # E models
an absorption coefficient, then we may say that m # E means that the
absorption is large and well distributed over RN since, in particular,
|
Ei (c)
m(x) dx=
for each i # [1, ..., N] and c # R.
94 SANDRO MERINO
File: 505J 317209 . By:CV . Date:07:11:96 . Time:10:08 LOP8M. V8.0. Page 01:01
Codes: 2556 Signs: 1664 . Length: 45 pic 0 pts, 190 mm
The following additional properties of f (x, u) will be needed to formulate
our result.
There exists a constant C00 such that f (x, c)0 but
f ( } , c)  0 for cC0 and x # RN. (A5)
f is of the form f (x, !)=g(x, !)!. Moreover, for each
u # X+ the positive part g+( } , u( } )) of g( } , u( } ) is in
C0(RN), whereas the negative part g&( } , u( } )) is in E. (A6)
Assumption (A5) implies that large constants are strict supersolutions for
(3) and assumption (A6) guarantees that our problem has the trivial solu-
tion u#0.
We will obtain the following result as an application of Theorem 2.4.
Theorem 3.1. Assume that f satisfies (A5) and (A6). Then (3) generates
a bounded, B-dissipative global semiflow (., X+) of class AK. In particular,
the assertions of Proposition 2.3 hold for (., X+), and the compact minimal
global B-attractor A is contained in X+ & C0(RN).
For the proof of this Theorem we will need the following Lemma.
Lemma 3.2. Assume that f satisfies (A6). Then any steady state w # X+
of (3) is in C0(RN).
Proof. A proof of this Lemma may be found in [7] or [16] in the
more general time-periodic situation. For the sake of completeness we
include that proof here.
Let w # X+ be a steady state of (3). Set b+(x) :=g+(x, w(x)) and
b&(x) :=g&(x, w(x)). By our assumption on g& in (A6) we can apply the
results in [2] (see also [7], [15]) to obtain that the X-realization A& of
&A(x, )&b&
generates an exponentially stable semigroup (etA&)t0. In particular, the
spectral radius r(etA&) is smaller than 1 for any t>0. For a fixed T>0 we
can use the variation of constants formula to obtain the following represen-
tation for w:
w=eTA&w+|
T
0
e(T&{)A&b+w d{,
or
w=(1&eTA&)&1 |
T
0
e(T&{)A&b+w d{.
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Since by (A6) we have that b+w # C0(RN) and since the closed subspace
C0(RN) of X is invariant under the semigroup (etA
&
)t0, we obtain that
w # C0(RN). K
Proof of Theorem 3.1. The assumptions (A5) and (A6) imply that (3)
has the trivial solution u#0 and that solutions of (3) to initial values
u0 # X+ are bounded and nonnegative by the parabolic maximum prin-
ciple. Thus, by Theorem 2.1 the equation (3) generates a global semiflow
(., X+). In order to apply Theorem 2.4 we will construct a B-attractive
order interval of the form [0, w ], with a suitable w # X + & C :0(R
N).
Let C0 be the constant in (A5). We first show that for cC0 each solu-
tion u(t, c) of (3) to the constant initial value c # X+, converges to the
same steady state w 0. In fact, since by (A5) each constant cC0 is a
strict supersolution it is well-known (cf. [23] Theorem 2.5.1) that each
solution u(t, c) is monotone decreasing in t. By applying Theorem 3.4 in
[17] we obtain
&u(t, c)&w (c)&X  0 as t  
for some steady state w (c)0. Moreover, we find the uniform a priori
estimate for such steady states
0w (c)(x)<C0 for x # RN and cC0 . (6)
Note now that by Lemma 3.1
w (c) # C0(RN) for cC0 .
This together with (6) and the convergence of each solution u(t, c), cC0 ,
implies that for each cC0 there exists a T(c)0 such that
u(t, c)C0 for tT(c).
By the maximum principle this implies that w (c)w (C0) for cC0 . On
the other hand for cC0
u(t, c)u(t, C0) for t0,
and therefore w (c)w (C0) for cC0 . We thus find that w (c)=w (C0) for
cC0 . We conclude that the order interval
V :=[0, w (C0)]/X+ & C0(RN)
is a global B-attractor for (., X+). Finally, since w (C0) is a steady state it
obviously has the Ho lder regularity required by Theorem 2.4. K
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We now apply Theorem 3.1 to a class of polynomial nonlinearities.
Example 3.3. (a) We consider the following equation with polyno-
mial nonlinearities
t u+A(x, )u=(a(x)+b0(x) p(u)&ur)u in RN_(0, ), (7)
where r1 is an integer, p is a polynomial of order less or equal r&1 with
real coefficients, and a, b0 # BUC +(RN). Furthermore we assume that b0
has compact support, that a+ # C0(RN) and that a& # E.
We verify that Theorem 3.1 applies to this class of equations: Since
f (x, c)=(a(x)+b0(x) p(c)&cr)c tends to & as c  , uniformly for
x # RN, it is clear that (A5) holds. To verify (A6), let u # X+ and note that
for x # RN
g+(x, u(x))=[a(x)+b0(x) p(u(x))&u(x)r]+[a(x)+b0(x) p(u(x))]+.
Since b0 has compact support we obtain that g+( } , u( } )) # C0(RN).
Analogously we find that
g&(x, u(x))=[a(x)+b0(x) p(u(x))&u(x)r]&[a(x)+b0(x) p(u(x))]&.
Since G a
&(x) dx= for any G/RN that contains arbitrarily large balls,
and since b0 has compact support we obtain G g
&(x, u(x)) dx= for
such G/RN.
(b) If in the above example r is an even number, then we obtain a
global semiflow on X rather than on X+. In fact, if r is even, then suf-
ficiently negative constants are strict subsolutions. The assertions of
Theorem 3.1 remain valid for the semiflow on X.
(c) Equation (7) was studied in [16] for the special case that r=1
and p#0. In that case (7) describes diffusive logistic growth on RN.
Remark 3.4. Let (., X +) be the global semiflow generated by Exam-
ple (7) in the simplest case r=1 and p#0. The linearization of (7) at a
steady state w # X + is given by
t u+A(x, ) u&b(x) u=0 in RN_(0, ), (8)
where b(x) :=a(x)&2 w(x). Note that b+ # C0(RN) and b& # E. The linear
equation (8) generates a global semiflow (/, X ) and it is well-known that
for (t, u) # R+_X
/(t, u)=u .(t, w)u.
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By decomposing / as suggested by the proof of Lemma 3.2 we will
verifyconsult the proof of the next theoremthat (/, X ) is :-condensing,
as defined in [11] (p. 37). Here : denotes the Kuratowski measure of non-
compactness. Unfortunately we are not able to decide whether this remains
true for the nonlinear semiflow (., X+) itself. In the next theorem we will
see that the information on the linearized flow is however sufficient to show
that the attractor A found in Theorem 3.1 has finite Hausdorff-dimension
(cf. [11] Theorem 2.8.1).
Theorem 3.5. Assume that f satisfies (A5) and A6) so that the asser-
tions of Theorem 3.1 hold. Furthermore suppose that for w # A we can
decompose u f as
u f (x, w(x))=h(x, w(x))&m(x),
with m # E Ho lder continuous and h( } , w( } )) # C0(RN). Then the global
attractor A has finite Hausdorff-dimension.
Proof. Let (., X +) be the global semiflow generated by (3) and fix an
arbitrary w0 # A/X + & C0(RN). We will show that for some fixed T>0
we can write
u .(T, w0) # L(X )
as the sum of a strict (linear) contraction and a compact operator. The
finite Hausdorff-dimension of A then follows from the abstract result of
Man~ e in [20] as stated in [11] Theorem 2.8.2. For further information
consult also [12] and [21]. To obtain such a decomposition observe that
for u0 # X the linearization u .(t, w0)u0 solves the (non-autonomous)
variational equation
{t u+A(x, )u=u f (x, .(t, w0)(x))u in R
N_(0, ),
u(0)=u0.
(9)
By applying our decomposition of uf we can rewrite (9) as
{t u+A(x, ) u+m(x)u=b(t, x)u in R
N_(0, ),
u(0)=u0 ,
(10)
where b(t)(x)=b(t, x) :=h(x, .(t, w0)(x)). We note that by (A3)
b( } ) # C&([0, T], C0(RN))
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for some & # (0, 1). By Theorem 5.1. in [15] our assumption m # E implies
that the X-realization A& of &A(x, )&m(x) generates an exponentially
stable analytic C0-semigroup (etA
&
)t0. By the variation of constants for-
mula we obtain the following representation of u .(T, w0)u0
u .(T, w0)u0=Lu0+Ku0 ,
where
L :=eTA& and K :=|
T
0
e(T&t)A&b(t) u .(t, w0) dt.
Since (etA&)t0 is exponentially stable we have the estimate
&etA&&L(X)Me
&|t, t>0,
for some M0 and |>0. Thus by possibly choosing T larger we obtain
that
&L&L(X )<1.
To obtain the compactness of K we apply the perturbation results in [6]
Section 5: We will consider b(t, x) on the righthand side of (10) as a pertur-
bation of the homogeneous problem. First note that for each t # [0, T] the
function b(t) # C0(RN) induces a multiplication operator B(t) # L(X ) by
(B(t)v)(x) :=b(t, x) v(x).
If we set D(A&) for the Banach space obtained by equipping the domain
of A& with its graph norm, then it is readily verified that for each t # [0, T]
B(t) # L(D(A&), X )
is compact. In fact, by approximating b(t)( } ) # C0(RN) by a sequence of
functions with compact supports and by using compact embedding
theorems for Ho lder spaces on bounded domains, we see that B(t) can be
approximated in L(X ) by a sequence of compact operators. Hence B(t) is
compact. The compactness of K is obtained by applying Proposition 5.4.
in [6].
Finally, we apply Theorem 2.8.2 in [11] to the differentiable map
S :=.(T, } ) and the compact set A: Note that S can be defined on the
open set
dom(S) :=[u # X : t+(u)>T]/X,
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which contains X+ and thus also A. By the invariance of the attractor
S(A)=A. For w0 # A we have just proved that DS(w0)=L+K. Hence A
has finite Hausdorff-dimension. K
In particular, the theorem above applies to our example (7). To see this
just set m :=a&.
4. APPLICATION TO SYSTEMS
In this section we apply the results of Section 2 to some reaction diffu-
sion systems. We will not formulate general conditions on system (3),
which imply the applicability of Theorem 2.4 but we prefer to illustrate the
results on some specific examples.
A Class of 2-Species Systems
A class of 2-species reaction diffusion systems on RN has been studied by
the author in [22] in the more general time-periodic case. We will now
verify that in the autonomous case the results of Section 3 can be used to
show that the class of equations studied in [22] generates semiflows of
class AK on X+ , which possess compact global attractors. For the
readers convenience we state the assumptions that were made in [22]. We
consider the autonomous system
{t u1+A1(x, )u1=a(x)u1&b(x) g1(x, u1)u1&h1(x, u1 , u2)u1t u2+A2(x, )u2=d(x)u2& f (x) g2(x, u2)u2+h2(x, u1)u2
in RN_(0, ). (11)
Following Section 6 in [22] we make the following assumptions.
a, d # BUC+(RN); a+, d+ # C0(RN) and a& # E (A7)
There exist constants R0>0 and c0>0 such that d(x)
&c0 for |x|R0. (A8)
b and f are nonnegative and bounded away from zero on
the supports of a+ and d+, respectively. (A9)
gi # BUC+, 2(RN_[0, R]) for each R>0. Furthermore gi
is nonnegative and gi ( } , 0)#0. Finally, 2 gi>0 on
RN_R+ and lim!   gi (x,!)= uniformly for x # RN. (A10)
h1 # BUC+ , 2(RN_[0, R]2) and h2 # BUC +, 2(RN_[0, R])
for each R>0. (A11)
100 SANDRO MERINO
File: 505J 317215 . By:CV . Date:07:11:96 . Time:10:08 LOP8M. V8.0. Page 01:01
Codes: 2756 Signs: 1730 . Length: 45 pic 0 pts, 190 mm
h1(x, !, ’)0 for (x, !, ’) # RN_(R+)2. For each x # RN
the positive part h+2 (x, !) of h2(x, !) is monotone increas-
ing in !. (A12)
Finally, h1( } , } , 0)=h2( } , 0)#0.
The following theorem is a natural complement to the results obtained
in [22].
Theorem 4.1. Assume conditions (A7)(A12). Then the system (11)
generates a global semiflow (., X+) of class AK. This semiflow possesses
a connected compact minimal global B-attractor A/X+ & C0(RN)2. The
Hausdorff-dimension of A is finite.
Proof. The globality of nonnegative solutions of (11) is shown in [22]
(Theorem 6.1) for initial data in C0(RN)2. The proof remains unchanged
for initial data in X+. To prove that the global semiflow (., X+) is of class
AK we will apply our criterion (Theorem 2.4) and Theorem 3.1. More
precisely, we will resort to the B-attractive order interval constructed in the
proof of Theorem 3.1. The following arguments are closely related to the
proof of Proposition 9.1.b) in [22].
Let (u01 , u
0
2) # X
+ and denote the solution of (11) to the initial value
(u01 , u
0
2) by (u1(t), u2(t)). Since h1 is nonnegative u1 satisfies the inequality
t u1+A1(x, )u1a(x)u1&b(x) g1(x, u1)u1 (12)
for (x, t) # RN_(0, ). Let w1 denote the (global) solution of the initial
value problem
{t w+A1(x, )w=a(x)w&b(x) g1(x, w)w in R
N_(0, ),
w(0)=u1(0)=u01 .
(13)
Then it is a consequence of (12) and the parabolic maximum principle that
u1(t)w1(t) in X (14)
for t0 . Our assumptions on a, b and g1 imply that Theorem 3.1 is
applicable to (13). In particular, there exists a B-attractive order interval
for (13) of the form [0, u 1]X with u 1 # C :0(R
N), : # (0, 1). Hence, given =>0
we find t1(=)>0 such that
u1(t)w1(t)u 1+= in X
for tt1(=). Then Assumption A12 implies that
h2(x, u1(x, t))h+2 (x, u 1(x)+=)
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for (x, t) # RN_(t1(=), ) . Thus we obtain the following inequality for u2
t u2+A2(x, )u2[d(x)+h+2 (x, u 1(x)+=)]u2& f (x) g2(x, u2)u2 (15)
for (x, t) # RN_(t1(=), ) . By Assumption A8 on d and by choosing a suf-
ficiently small =>0 we can apply Theorem 3.1 to the equation
t w+A2(x, )w=[d(x)+h+2 (x, u 1(x)+=) ]w& f (x) g2(x, w)w
in RN_(0, ). (16)
As a consequence we find a B-attractive order interval [0, u 2]X for (16)
with u 2 # C :0(R
N) . If w2 denotes the (global) solution of the initial value
problem
{t w+A2(x, )w=[ d(x)+h
+
2 (x, u 1(x)+=) ]w& f (x) g2(x, w)w
w(t1(=))=u2(t1(=)),
in RN_(0, )
then by (15) the parabolic maximum principle yields
u2(t)w2(t) in X (17)
for tt1(=) . The estimates (14) and (17) for u1 and u2 imply that the order
interval in X+
V :=[0, u 1]X_[0, u 2]X
is B-attractive for (., X+) . In fact the construction of the order interval V
does not depend on the particular initial value (u01 , u
0
2) # X
+ and it is easily
seen from the above constructions that V attracts bounded sets in X+.
Hence we can apply Theorem 2.4 to obtain the existence of the minimal
compact B-attractor A for (11).
To show that the Hausdorff-dimension of A is finite we note that the
variational equation associated with (11) has the form
t +A(x, )=B(t) in RN_(0, ),
where
A(x, ) :=\A1(x, )0
0
A2(x, )+ .
It is a little tedious but straightforward to verify that B(t) can be decom-
posed as
B(t)=Bc (t)&m&,
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where
m& :=\a
&
0
0
d&+
is independent of t and
Bc (t) :=[bij (t)]1i, j2
with
bij # C&([0, T], C0(RN))
for some & # (0, 1) and T>0 . The X-realization A& of &[A(x, )+m&]
generates an exponentially stable analytic C0-semigroup. As in the proof of
Theorem 3.5 we regard Bc (t) as a perturbation. The rest of the proof is
now identical to the arguments given in the proof of Theorem 3.5. K
Finally, we remark that some examples of systems of the form (11) are
given in Section 11 of [22].
Competition Systems
In order to illustrate that the techniques presented in this paper are not
restricted to systems involving only two species we consider the following
example
t uk+Ak (x, )uk=\ak0(x)& :
n
i=1
aki (x)ui+ uk in RN_(0, ), (18)
k=1, ..., n . For k=1, ..., n we assume that a+k0 # C0(R
N) and that a&k0 # E.
Moreover, we require that aik0 for i, k=1, ..., n and that for k=1, ..., n
the following relation between the supports of the growth- and damping
coefficients is satisfied
akk is bounded away from zero on supp(a +k0). (19)
Under these assumptions we can prove the following Theorem.
Theorem 4.2. The competition system (18) generates a global bounded
B-dissipative semiflow (., X+) of class AK. In particular, (18) has a con-
nected, compact minimal global B-attractor A/X+ & C0(RN)n. The
Hausdorff-dimension of A is finite.
Proof. Since by (19) large constants are supersolutions for the single
equations of system (18) and since the system has the trivial solution, the
103COMPACT GLOBAL ATTRACTOR
File: 505J 317218 . By:CV . Date:07:11:96 . Time:10:08 LOP8M. V8.0. Page 01:01
Codes: 2751 Signs: 2041 . Length: 45 pic 0 pts, 190 mm
parabolic maximum principle implies that solutions of (18) to initial values
in X+ are nonnegative and global. In Example 3.3 we have observed that
each logistic equation
t u+Ak (x, )u=ak0(x)u&akk(x)u2 in RN_(0, ), (20)
has a global B-attractor Vk :=[0,  uk] in X +, where u k is in C :0(R
N) for
some : # (0, 1). As a consequence of the assumption that aki0 for k,
i=1, ..., n and the parabolic maximum principle we obtain that
V := ‘
n
k=1
Vk
is a global B-attractor for (18). We can now apply Theorem 2.4. Following
the lines of the proof of Theorem 3.5 it is verified that the Hausdorff-
dimension of A is finite. K
5. CONCLUDING REMARKS
A problem that has received much attention in the recent literature is the
analysis of the structure of the global attractor of a scalar reaction diffusion
equation on a bounded interval with Dirichlet or Neumann boundary con-
ditions (cf. [4], [9], [10]). It appears to be an open question whether
similar results are valid for weighted scalar equations on the whole real
line.
In Section 2 we assumed that the nonlinearities in (3) only depend on u
and not on {u . This restriction is essential for the applicability of the
techniques that we used in the proof of Theorem 2.4. In fact, if f would
depend on {u , then we would be forced to work in a space of differentiable
functions (see e.g. [5] or [19]). However, such spaces are no vector lat-
tices anymore and our proof of Theorem 2.4 therefore fails in that case. We
remark that the gradient dependent case is not treated by Babin and Vishik
(cf. [3]) either, whereas (under growth restrictions) it is allowed in [1].
Following the lines of Section 3.6 in [11], the ideas of this paper could
also be applied to nonautonomous problems with periodic time
dependence. For the existence result for the evolution system (periodic pro-
cess) U(t, s) we refer to [15].
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